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CB-FRAMES FOR OPERATOR SPACES
RUI LIU AND ZHONG-JIN RUAN
Abstract. In this paper, we introduce the concept of cb-frames for operator
spaces. We show that there is a concrete cb-frame for the reduced free group
C∗-algebra C∗
r
(F2), which is derived from the infinite convex decomposition of the
biorthogonal system (λs, δs)s∈F2 . We show that, in general, a separable operator
space X has a cb-frame if and only if it has the completely bounded approximation
property if and only if it is completely isomorphic to a completely complemented
subspace of an operator space with a cb-basis. Therefore, a discrete group Γ is
weakly amenable if and only if the reduced group C*-algebra C∗
r
(Γ) has a cb-frame.
Finally, we show that, in contrast to Banach space case, there exists a separable op-
erator space, which can not be completely isomorphic to a subspace of an operator
space with a cb-basis.
1. Introduction
In [10], Junge, Nielsen, Ruan and Xu introduced the notion of cb-basis for operator
spaces. Let us recall that a separable operator space X has a cb-basis if X has a
Schauder basis (en) and the natural projections
Pm
( ∞∑
n=1
αnen
)
=
m∑
n=1
αnen (1.1)
satisfy supm ‖Pm‖cb <∞. It is shown in [10] that every separable nuclear C∗-algebra
has a cb-basis. In particular, the reduced group C∗-algebra C∗r (Γ) of an amenable
group Γ has a cb-basis.
It is clear from the definition that if a separable operator space X has a cb-basis,
then it must have the completely bounded approximation property (CBAP), i.e. there
exists a sequence of finite-rank maps Φk : X → X such that supk ‖Φk‖cb < ∞ and
Φk(x) → x for every x ∈ X . It is natural to ask whether CBAP implies cb-basis.
This is not true for general operator spaces since there exist a separable Banach space
X which has the bounded approximation property (BAP), but has no Schauder basis.
Then MIN(X), the space X equipped with the MIN-operator space structure, is an
operator space with CBAP, but no cb-basis. However the problem is still open for
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separable C*-algebras. In particular, it is not known whether C∗r (Γ) has a cb-basis if
Γ is a weakly amenable discrete group.
In [8], Han and Larson introduced the concept of frames as a compression of a
basis. It is a generalization of dual frame pairs from Hilbert spaces to Banach spaces.
In [2], Casazza, Han and Larson showed that a separable Banach space has the BAP
if and only if it has a frame. Motivated by these results, we can consider cb-frames
for operator spaces. Here is the definition. Let X be an operator space and X∗ be
its canonical operator dual. A sequence (xn, fn) ⊂ X × X∗ is a cb-frame for X if
(xn, fn) is a frame, i.e.
x =
∞∑
n=1
fn(x)xn =
∞∑
n=1
(xn ⊗ fn)(x)
for all x ∈ X , and the initial sums
Sm(x) =
m∑
n=1
xn ⊗ fn
define completely bounded maps on X with supm ‖Sm‖cb <∞.
In section 2, we show that there is a natural cb-frame for C∗r (F2), which is derived
from the infinite convex decomposition of the biorthogonal system (λs, δs)s∈F2. Here λ
is the left regular representation of F2 and δs ∈ Br(F2) = C∗r (F2)∗ is the characteristic
function at s ∈ F2.
In Section 3, we prove some equivalent conditions for general operator spaces. We
show in Theorem 3.1 and Theorem 3.2 that a separable operator space X has a cb-
frame if and only if it has the CBAP if and only if it is completely isomorphic to a
completely complemented subspace of an operator space with a cb-basis. These are
natural operator space analogues of corresponding Banach space results by Casazza,
Han and Larson [2], Johnson, Rosenthal and Zippin [9], and Pe lczyn´ski [14]. We
also show in Remark 3.4 that the cb-basis constructed in the proof of Theorem 3.2
is minimal.
It is known from the Banach-Mazur theorem that any separable Banach space
can be isometrically embedded into C[0, 1], which is a separable Banach space with
a Schauder basis. So it is natural to ask whether the corresponding result holds
for general operator spaces. Using the Hilbertian operator space X0 constructed by
Oikhberg and Ricard [13], we show in Theorem 4.5 that this is false for operator
spaces.
2. Cb-frame for C∗r (F2)
Let F2 be the free group of two generators and let λ be the left regular representa-
tion of F2. The reduced group C
∗-algebra C∗r (F2) is defined to be the norm-closure of
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span{λs|s ∈ F2} in B(ℓ2(F2)). It is well-known (see [6, 7]) that C∗r (F2) has the com-
pletely contractive approximation property (CCAP). The main result in this section
is the following theorem, in which we show that C∗r (F2) has a cb-frame.
Theorem 2.1. There exists a cb-frame (xn, fn) for C
∗
r (F2), which is derived from the
infinite convex decomposition of the biorthogonal system (λs, δs)s∈F2. More precisely,
there is a surjective map ϕ : N→ F2 and a sequence of positive scalars (an) satisfying
(i) xn = λϕ(n), fn = anδϕ(n) for all n ∈ N;
(ii)
∑
n∈ϕ−1(s)
an = 1 for all s ∈ F2.
The proof will be carried out in the following arguments and lemmas. Let us first
recall from [6] that the word length function s ∈ F2 7→ |s| ∈ [0,∞) is conditionally
negative definite on F2, and thus by Schoenburg’s theorem the map ϕt(s) = e
−t|s| is a
positive definite function (with ϕt(e) = 1) on F2 for any t > 0. This gives us a family
of unital completely positive maps (Φt)t>0 on C
∗
r (F2) such that
Φt(λs) = ϕt(s)λs = e
−t|s|λs (2.1)
for all s ∈ F2. It is clear from (2.1) that limt→0+ ‖Φt(λs) − λs‖ = 0 for all s ∈ F2.
Then (Φt)t>0 is a family of unital completely positive maps converging to the identity
on C∗r (F2) in the point-norm topology.
Let Wd = {s ∈ F2 : |s| = d} be the set of all words in F2 with length d, and let
χWd be the characteristic function on Wd. Then
Pd : λs ∈ C∗r (F2) 7→ λsχWd(s) ∈ C∗r (F2)
is the finite-rank projection onto the subspace Ed = span{λs : |s| = d}. It is known
(see [1, 15]) that this projection is completely bounded with ‖Pd‖cb ≤ 2d. For each
t > 0 and m ∈ N, we get a completely bounded finite-rank map
Φt,m = Φt(P0 + · · ·+ Pm)
from C∗r (F2) onto
∑m
d=0Ed = span{λs : |s| ≤ m}. We can easily obtain the following
lemma, which is known by experts in the fields. We include a calculation for the
convenience of readers.
Lemma 2.2. For each t > 0 and m ∈ N, we have
‖Φt − Φt,m‖cb ≤ 2
∞∑
d=m+1
e−tdd→ 0 (as m→∞).
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Proof. Let x =
∑∞
d=0
∑
|s|=d a(s) ⊗ λs be an element in B(ℓ2)⊗ C∗r (F2) with finitely
many a(s) nonzero. Then we have
‖(idB(ℓ2) ⊗ Φt − idB(ℓ2) ⊗ Φt,m)(x)‖ = ‖
∞∑
d=m+1
∑
|s|=d
a(s)⊗ Φt(λs)‖
≤
∞∑
d=m+1
‖
∑
|s|=d
a(s)⊗ e−tdλs‖ =
∞∑
d=m+1
e−td‖
∑
|s|=d
a(s)⊗ λs‖
=
∞∑
d=m+1
e−td‖(idB(ℓ2) ⊗ Pd)(x)‖ ≤
∞∑
d=m+1
e−td‖Pd‖cb‖x‖.
Since ‖Pd‖cb ≤ 2d, we can conclude that
‖Φt − Φt,m‖cb ≤
∞∑
d=m+1
e−td‖Pd‖cb ≤ 2
∞∑
d=m+1
e−tdd.
Since
∑∞
d=1 e
−tdd is a convergent positive infinite series, its remainder part converges
to 0. Therefore, we can conclude that
‖Φt − Φt,m‖cb ≤ 2
∞∑
d=m+1
e−tdd→ 0.

According to Lemma 2.2, for each t > 0, we can find m ∈ N such that ‖Φt−Φt,m‖cb
is sufficiently small. Therefore, we can carefully choose a sequence of (monotone
decreasing) tk → 0 and a sequence of (monotone increasing) mk →∞ such that
lim
k→∞
‖Φtk−Φtk ,mk‖cb ≤ lim
k→∞
∞∑
d=mk+1
e−tkdd = lim
k→∞
e−tk(mk+2)
(1− e−tk)2+
(mk + 1) e
−tk(mk+1)
1− e−tk = 0.
For example, we can choose tk = 1/
√
k and mk = k, and we get
lim
k→∞
∞∑
d=k+1
e−d/
√
kd = 0.
In this case, the finite-rank maps {Φ1/√k,k}k∈N (with supk ‖Φ1/√k,k‖cb <∞) converge
to the identity map on C∗r (F2) in the point-norm topology.
Let {δs} ∈ Br(F2) = C∗r (F2)∗ be the biorthogonal functionals of {λs}. For k = 1,
we set
Ψ1(x) = Φ1,1(x) =
∑
|s|≤1
e−|s|δs(x)λs =
∑
|s|≤1
(
λs ⊗ e−|s|δs
)
(x). (2.2)
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There are 5 terms in (2.2). If we list these 5 terms by the index 1 ≤ j ≤ 5 and use
y1,j (respectively, g1,j) for the corresponding λs (respectively, e
−|s|δs) in each term,
we can write
Ψ1 =
∑
|s|≤1
(
λs ⊗ e−|s|δs
)
=
5∑
j=1
(y1,j ⊗ g1,j). (2.3)
For k ≥ 2, we set
Ψk(x) = (Φ1/
√
k,k − Φ1/√k−1,k−1)(x)
=
∑
|s|≤k−1
(e−|s|/
√
k − e−|s|/
√
k−1)δs(x)λs +
∑
|s|=k
e−|s|/
√
kδs(x)λs
=
∑
|s|≤k−1
(
λs ⊗ (e−|s|/
√
k − e−|s|/
√
k−1)δs
)
(x) +
∑
|s|=k
(
λs ⊗ e−|s|/
√
kδs
)
(x).(2.4)
There are 2 ·3k−1 = 1+4+4 ·3+ · · ·+4 ·3k−1 terms in (2.4). So if we list these terms
by the index 1 ≤ j ≤ 2 ·3k−1 and we use yk,j (respectively, gk,j) for the corresponding
λs (respectively, (e
−|s|/√k−e−|s|/
√
k−1)δs or e−|s|/
√
kδs) in each term, then we can write
Ψk =
∑
|s|≤k−1
(
λs⊗ (e−|s|/
√
k− e−|s|/
√
k−1)δs
)
+
∑
|s|=k
(
λs⊗ e−|s|/
√
kδs
)
=
2·3k−1∑
j=1
(yk,j⊗ gk,j).
(2.5)
This is a sequence of completely bounded maps on C∗r (F2) with
‖Ψk‖cb = ‖Φ1/√k,k − Φ1/√k−1,k−1‖cb ≤ 2 sup
k
‖Φ 1√
k
,k‖cb (2.6)
and for each x ∈ C∗r (F2), we have
x = lim
k→∞
Φ1/
√
k,k(x) = Φ1,1(x)+
∞∑
k=2
(Φ1/
√
k,k(x)−Φ1/√k−1,k−1(x)) =
∞∑
k=1
Ψk(x). (2.7)
Now to get a frame, we need to further modify the terms in (2.3) and (2.5) by
defining xk,i = yk,j and fk,i =
gk,j
(2·3k−1)2 when i = p(2 · 3k − 1) + j with 0 ≤ p ≤
(2 · 3k − 1)2 − 1 and 1 ≤ j ≤ 2 · 3k − 1. In this case, we can write
Ψk =
2·3k−1∑
j=1
(yk,j ⊗ gk,j) =
(2·3k−1)3∑
i=1
(xk,i ⊗ fk,i) (2.8)
for all k ∈ N, and thus for each x ∈ C∗r (F2), we have
x =
∞∑
k=1
Ψk(x) =
∞∑
k=1
( 2·3k−1∑
j=1
(yk,j ⊗ gk,j)(x)
)
=
∞∑
k=1
( (2·3k−1)3∑
i=1
(xk,i ⊗ fk,i)(x)
)
.
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Now we need to set up an appropriate order to relate each pair (k, i) with a positive
integer n. For k = 1, we have 53 terms related to (1, i). So we simply let n = i. For
k ≥ 2, we let n =∑k−1r=1(2 · 3r − 1)3 + i with 1 ≤ i ≤ (2 · 3k − 1)3.
Lemma 2.3. If we let xn = xk,i and fn = fk,i, then (xn, fn) is a frame for C
∗
r (F2).
Proof. We need to show that for every x ∈ C∗r (F2), the infinite series
∑∞
n=1(xn⊗fn)(x)
converges to x. Since x =
∑∞
k=1Ψk(x) is a convergent series in C
∗
r (F2), for arbitrary
ǫ > 0 there exists k0 ≥ 2 such that for any k ≥ k0
‖
∞∑
r=k
Ψr(x)‖+ ‖Ψk(x)‖ + ‖x‖
2 · 3k − 1 < ǫ.
For any m > m0 =
∑k0−1
r=1 (2 ·3r−1)3, we can write m =
∑k−1
r=1(2 ·3r−1)3+ j for some
k ≥ k0 and 1 ≤ j ≤ (2 · 3k − 1)3. In this case, there exists 0 ≤ p ≤ (2 · 3k − 1)2 − 1
and 1 ≤ q ≤ 2 · 3k − 1 such that
‖x−
m∑
n=1
(xn ⊗ fn)(x)‖
= ‖x−
k−1∑
r=1
(2·3r−1)3∑
i=1
(xr,i ⊗ fr,i)(x)−
j∑
t=1
(xk,t ⊗ fk,t)(x)‖
= ‖
∞∑
r=1
Ψr(x)−
k−1∑
r=1
Ψr(x)− p
(2 · 3k − 1)2Ψk(x)−
1
(2 · 3k − 1)2
q∑
i=1
(yk,i ⊗ gk,i)(x)‖
≤ ‖
∞∑
r=k
Ψr(x)‖+ ‖Ψk(x)‖+ ‖x‖
2 · 3k − 1 < ǫ.
This shows that x =
∑∞
n=1(xn ⊗ fn)(x) for every x ∈ C∗r (F2). 
Lemma 2.4. The sequence (xn, fn) is a cb-frame for C
∗
r (F2).
Proof. We need to show that the initial sums Sm =
∑m
n=1(xn ⊗ fn) are completely
bounded maps on C∗r (F2) with sup ‖Sm‖cb <∞. Let m ∈ N be a positive integer. As
we have seen in the proof of Lemma 2.3 that we can write m =
∑k−1
r=1(2 · 3r − 1)3 + j
for some k ∈ N and 1 ≤ j ≤ (2 · 3k − 1)3, and there exists 0 ≤ p ≤ (2 · 3k − 1)2 − 1
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and 1 ≤ q ≤ 2 · 3k − 1 such that
‖Sm‖cb = ‖
m∑
n=1
xn ⊗ fn‖cb = ‖
k−1∑
r=1
(2·3r−1)3∑
i=1
(xr,i ⊗ fr,i) +
j∑
t=1
(xk,t ⊗ fk,t)‖cb
= ‖
k−1∑
r=1
Ψr +
p
(2 · 3k − 1)2Ψk +
1
(2 · 3k − 1)2
q∑
i=1
(yk,i ⊗ gk,i)‖cb
≤ ‖Φ 1√
k−1 ,k−1
‖cb + p
(2 · 3k − 1)2‖Ψk‖cb +
2 · 3k − 1
(2 · 3k − 1)2
≤ 3 · sup
k
‖Φ 1√
k
,k‖cb + 1.
Finally, we let us recall from (2.3), (2.5) and (2.8) that we can write
Ψ1 =
53∑
n=1
(xn ⊗ fn) =
53∑
i=1
(x1,i ⊗ f1,i) =
52∑
l=1
(
5∑
j=1
(yl1,j ⊗
gl1,j
52
))
with yl1,j = y1,j = λs and g
l
1,j = g1,j =
e−|s|
52
δs for corresponding |s| ≤ 1. For k ≥ 2, we
can write
Ψk =
∑k
r=1(2·3r−1)3∑
n=
∑k−1
r=1 (2·3r−1)3+1
(xn ⊗ fn) =
(2·3k−1)3∑
i=1
(xk,i ⊗ fk,i) =
(2·3k−1)2∑
l=1
(
2·3k−1∑
j=1
(ylk,j ⊗
glk,j
(2 · 3k − 1)2 ))
with ylk,j = yk,j = λs and g
l
k,j = gk,j =
(e−|s|/
√
k−e−|s|/
√
k−1)
(2·3k−1)2 δs or
e−|s|/
√
k
(2·3k−1)2 δs for corre-
sponding |s| ≤ k. So for each s ∈ F2, there are many positive integers n ∈ N such
that xn = λs. We let ϕ : n ∈ N → s ∈ F2 be the map such that xn = λs, and let an
be the coefficient for the corresponding δs. Then it is easy to see that statement (i)
and (ii) in theorem hold true. 
Remark 2.5. The cb-frame (xn, fn) for C
∗
r (F2) in Theorem 2.1 is not unconditional,
that is, the series x =
∑∞
n=1 fn(x)xn does not converge unconditionally in norm for
each x in C∗r (F2) (see [2]). If it is unconditional, then for each x ∈ C∗r (F2) the infinite
series
x =
∞∑
n=1
(xn ⊗ fn)(x) =
∞∑
n=1
anδϕ(n)(x)λϕ(n)
converges unconditionally. In this case, we can rearrange its order such that
x =
∞∑
n=1
anδϕ(n)(x)λϕ(n) =
∞∑
k=0
(
∑
|s|=k
(
∑
ϕ(n)=s
an)δs(x)λs). (2.9)
We note that for any s 6= e in F2 the summation
∑
ϕ(n)=s an in the last term of (2.9) is
a positive infinite series with
∑
ϕ(n)=s an = 1. The last equality makes sense since we
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can apply an ε-argument to replace such an infinite sum by a finite sum if necessary.
So we can conclude from (2.9) that
x =
∞∑
k=0
(
∑
|s|=k
(
∑
ϕ(n)=s
an)δs(x)λs) =
∞∑
k=0
(
∑
|s|=k
δs(x)λs) =
∞∑
k=0
Pk(x).
This implies that for any x ∈ C(T) ∼= C∗r (Z) →֒ C∗r (F2)
x =
∞∑
k=0
Pk(x) = lim
K→∞
K∑
k=0
Pk(x) = lim
K→∞
K∑
j=−K
ajz
j
converges uniformly in C(T). This is impossible. At this moment, it is not known
whether there is any unconditional frame for C∗r (F2).
3. Cb-frame, CBAP and complemented embedding property
In this section, we prove that a separable operator space X has a cb-frame if and
only if it has the CBAP if and only if it is completely isomorphic to a completely
complemented subspace of an operator space with a cb-basis. We separate it to two
results.
Theorem 3.1. A separable operator space X has a cb-frame if and only if X has the
CBAP.
Proof. The “only if” part is obvious. We only need to prove the “if” part. The proof is
motivated by Pe lczyn´ski’s decomposition technique. Suppose that X has the CBAP.
Then there is a sequence of finite-rank maps (Φk) on X such that supk ‖Φk‖cb ≤ K <
∞ and x = limk→∞Φk(x) for all x ∈ X. Let Ψ1 = Φ1 = Φ1 − Φ0 (with Φ0 = 0)
and Ψk = Φk − Φk−1 for k ≥ 2. Then (Ψk) is a sequence of finite-rank maps on X
such that supk ‖Ψk‖cb ≤ 2K < ∞ and x =
∑∞
k=1Ψk(x) for all x ∈ X . Let m(k)
be the dimension of Ψk(X). It is known from Auerbach theorem that there exists
a biorthogonal basis (yk,j, y
∗
k,j)1≤j≤m(k) for Ψk(X) such that ‖yk,j‖ ≤ 1, ‖y∗k,j‖ ≤ 1
and 〈yk,i, y∗k,j〉 = δij . For each 1 ≤ j ≤ m(k), gk,j = y∗k,j ◦ Ψk is a bounded linear
functional onX such that ‖gk,j‖ ≤ 2K. We get (yk,j, gk,j)1≤j≤m(k) in X×X∗ such that
Ψk =
∑m(k)
j=1 yk,j ⊗ gk,j satisfying ‖yk,j‖ ≤ 1 and ‖gk,j‖ ≤ 2K. As we have discussed
before Lemma 2.3, we define xk,i = yk,j and fk,i =
gk,j
m(k)2
when i = p ·m(k) + j with
0 ≤ p ≤ m(k)2 − 1 and 1 ≤ j ≤ m(k). Then we can use a similar argument as that
given in Lemma 2.3 and Lemma 2.4 to show that if we let xn = xk,i and fn = fk,i
when n =
∑k−1
r=0 m(r)
3 + i and 1 ≤ i ≤ m(k)3, then (xn, fn) is a cb-frame for X . 
Theorem 3.2. An operator space X has a cb-frame if and only if X is completely
isomorphic to a completely complemented subspace of an operator space with a cc-
basis.
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Proof. The “if” part is obvious since every completely complemented subspace of an
operator space with the CBAP always has the CBAP. We only need to prove the
“only if” part. Let (xi, fi) ∈ X ×X∗ be a cb-frame of X with ‖xi‖ = 1 for all i ∈ N.
Let c00 be the linear space of all sequences of complex numbers with finitely many
nonzeros, and (ei) be the canonical basis of c00. For any u ∈ Mn(c00) ∼= c00(Mn),
there is a unique linear expression u =
∑
ui ⊗ ei with finitely many ui 6= 0 in Mn.
We define a norm |‖ · |‖n on Mn(c00) as follows:
|‖u|‖n = sup
m≥1
‖
m∑
i=1
ui ⊗ xi‖n = max
m≥1
‖
m∑
i=1
ui ⊗ xi‖n <∞. (3.1)
More precisely for any u, v ∈Mn(c00), we have
|‖u+ v|‖n = max
m≥1
‖
m∑
i=1
(ui + vi)⊗ xi‖n ≤ max
m≥1
( ‖
m∑
i=1
ui ⊗ xi‖n + ‖
m∑
i=1
vi ⊗ xi‖n) ≤ |‖u‖n + |‖v‖n.
If |‖u|‖n = 0, then ‖
∑m
i=1 ui⊗xi‖n = 0 for all m ∈ N. By induction, we can conclude
u = 0. This shows that each |‖ · |‖n is a norm on Mn(c00). Moreover, |‖ · |‖n satisfies
the following properties:
(N1) |‖u⊗ ei|‖n = ‖u⊗ xi‖n = ‖u‖n for all u ∈Mn and i ∈ N.
(N2) For any ui ∈Mn and m ≤ l, we have |‖
∑m
i=1 ui ⊗ ei|‖n ≤ |‖
∑l
i=1 ui ⊗ ei|‖n.
(N3) For any x ∈ X , (∑ni=1 fi(x)ei)∞n=1 is a Cauchy sequence in (c00, |‖ · |‖1).
Since (N1) and (N2) are obvious, we only need to prove (N3). Since (xi, fi) is a
frame for X , for any x ∈ X , we have x = ∑∞i=1 fi(x)xi. Then for any ǫ > 0, there
is n0 such that, for any m > n ≥ n0, we have ‖
∑m
i=n+1 fi(x)xi‖ < ǫ. Now if we let
yn =
∑n
i=1 fi(x)ei for each n ∈ N, we get
|‖ym − yn|‖1 = |‖
m∑
i=n+1
fi(x)ei|‖1 = max
n+1≤k≤m
‖
k∑
i=n+1
fi(x)xi‖ < ǫ.
This shows (N3).
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Now we prove that |‖ · |‖n is actually an operator space matrix norm. For u =∑
ui ⊗ ei ∈Mn(c00), w =
∑
wi ⊗ ei ∈ Mm(c00), and α ∈ Mn, β ∈Mn, we have
|‖u⊕ w|‖n+m = |‖
∑
(ui ⊕ wi)⊗ ei|‖n+m = max
l≥1
‖
l∑
i=1
(ui ⊕ wi)⊗ xi‖n+m
= max
l≥1
‖(
l∑
i=1
ui ⊗ xi)⊕ (
l∑
i=1
wi ⊗ xi)‖n+m
= max
l≥1
max
{
‖
l∑
i=1
ui ⊗ xi‖n, ‖
l∑
i=1
wi ⊗ xi‖m
}
= max
{
max
l≥1
‖
l∑
i=1
ui ⊗ xi‖n,max
l≥1
‖
l∑
i=1
wi ⊗ xi‖m
}
= max{ |‖u|‖n, |‖w|‖m}, (3.2)
and
|‖αuβ|‖n = |‖α(
∑
ui ⊗ ei)β|‖n = |‖
∑
(αuiβ)⊗ ei|‖n
= max
l≥1
‖
l∑
i=1
(αuiβ)⊗ xi‖n = max
l
‖α(
l∑
i=1
ui ⊗ xi)β‖n
≤ max
l≥1
‖α‖n‖
l∑
i=1
ui ⊗ xi‖n‖β‖n = ‖α‖n|‖u|‖n‖β‖n. (3.3)
Thus, by the abstract characterization theorem given in [16], this newly defined
matricial norm {|‖ · |‖n} determines an operator space structure on c00. We let
Y = c00
−|‖·|‖ denote the completion. It is known from [5, Fact 6.3] that (ei) is
a basis for Y . According to (N2), (ei) is actually a cc-basis for Y since for any
u =
∑
ui ⊗ ei ∈Mn(c00), the natural projections Pm satisfy
‖(Pm)n(u)‖n = |‖
m∑
i=1
ui ⊗ ei|‖n ≤ |‖u|‖n.
Now let us define a linear map
Q :
∑
αiei ∈ c00 →
∑
αixi ∈ X. (3.4)
For any u =
∑
ui ⊗ ei ∈Mn(c00), we get
(Q)n(u) = (Q)n
(∑
ui ⊗ ei
)
=
∑
ui ⊗ xi
and
‖(Q)n(u)‖n = ‖
∑
ui ⊗ xi‖n ≤ |‖u|‖n
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by (3.1). Together with (N1), we get ‖Q‖cb = 1, and Q can be uniquely extended to
the whole space Y . On the other hand, we can define a linear map
T : x =
∑
fi(x)xi ∈ X →
∑
fi(x)ei ∈ Y. (3.5)
Then, by (N3), T is well-defined. For any x = [xj,k] ∈Mn(X), we have
(T )n(x) = [T (xj,k)] =
[ ∞∑
i=1
fi(xj,k)ei
]
=
∞∑
i=1
[fi(xj,k)]⊗ ei
and thus
|‖(T )n(x)|‖n = |‖
∞∑
i=1
[fi(xj,k)]⊗ ei|‖n = lim
m→∞
|‖
m∑
i=1
[fi(xj,k)]⊗ ei|‖n
= lim
m→∞
sup
1≤l≤m
∥∥∥
l∑
i=1
[fi(xj,k)]⊗ xi
∥∥∥
n
≤ sup
l≥1
‖Sl‖cb‖x‖n.
This shows ‖T‖cb ≤ supl≥1 ‖Sl‖cb <∞. Moreover, for all x ∈ X ,
QT (x) = Q
(∑
fi(x)ei
)
=
∑
fi(x)xi = x.
That is, QT = idX . It follows that Q is a surjection from Y onto X and that T is
injection from X into Y . Since
‖x‖n = ‖(QT )n(x)‖n = ‖(Q)n(T )n(x)‖n ≤ |‖(T )n(x)|‖n
for all x ∈Mn(X), T is a complete isomorphism from X onto T (X) ⊂ Y . Moreover,
TQ is a completely bounded projection from Y onto TQ(Y ) = T (X). This completes
the proof. 
Remark 3.3. LetG be a countable discrete group. Then by Theorem 3.1, G is weakly
amenable, or equivalently the reduced group C*-algebra C∗r (G) has the CBAP, if and
only if C∗r (G) has a cb-frame. Let A(G) be the Fourier algebra of G. Then A(G) has
a canonial operator space structure obtained by identifying A(G) with the operator
predual of the left group von Neumann algebra V N(G). It can be shown that G
is weakly amenable if and only if A(G) (respectively, A(G)op) has the CBAP and
thus has a cb-frame. Then using the complex interpolation method, we can show
that if G is weakly amenable, then for each 1 < p < ∞ the non-commutative Lp -
space Lp(V N(G)) = (V N(G), A(G)
op) 1
p
(with the canonical operator space structure
intoduced by Pisier) has the CBAP and thus has a cb-frame. The converse statement
is not necessarily true for non-commutative Lp -spaces. Indeed, it is known from [11,
Proposition 5.2] that if a countable residually finite discrete group G has the AP,
then Lp(V N(G)) has a cb-basis. This contains a very interesting class of groups. For
instance it includes many weakly amenable groups such as Fn, SL(2,Z) and Sp(1, n),
as well as some non-weakly amenable groups like Z2 ⋊ SL(2,Z).
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Remark 3.4. It is shown in Theorem 3.2 that if X has a cb-frame (xi, fi), then
we can construct an operator space Y with a cc-basis (ei) and completely bounded
maps Q and T satisfying (3.4) and (3.5). We note that such a cb-basis (ei) in Y is a
minimal choice. Suppose that we have another operator space Z with a cb-basis (zi)
and completely bounded maps satisfying (3.4) and (3.5), i.e.
QZ :
∑
aizi ∈ Z →
∑
aixi ∈ X and TZ : x =
∑
fi(x)xi ∈ X →
∑
fi(x)zi ∈ Z.
Then for any n ∈ N and ui ∈Mn we have
|‖
∑
ui ⊗ ei|‖n = max
m≥1
‖
m∑
i=1
ui ⊗ xi‖n = max
m≥1
‖
m∑
i=1
ui ⊗QZ(zi)‖n
≤ ‖QZ‖cbmax
m≥1
‖
m∑
i=1
ui ⊗ zi‖n ≤ ‖QZ‖cbKZ‖
∑
ui ⊗ zi‖n,
where KZ = supm ‖PZm‖cb is the cb-constant of the cb-basis {zi}. This shows that
there is a constant K = ‖QZ‖cbKZ > 0 such that
|‖
∑
ui ⊗ ei|‖n ≤ K‖
∑
ui ⊗ zi‖n.
This shows that the cb-basis (ei) in Y is completely dominated by such a cb-basis
(zi) in Z. Therefore, the cb-basis (ei) in Y constructed in Theorem 3.2 is a minimal
choice associated to the cb-frame (xi, fi) in X .
As in Banach space theory, we can also consider the unconditional case. We say
that an unconditional basis (ei) of an operator space Y is completely unconditional if
sup
E⊂N,#E<∞
‖PE‖cb <∞, (3.6)
where E is a finite subset ofN and PE is the natural projection defined by PE(
∑
αiei) =∑
i∈E αiei. We say that (ei) is completely 1-unconditional if supE⊂N,#E<∞ ‖PE‖cb = 1,
or equivalently, ‖PE‖cb = 1 for any finite subset E ⊂ N (see [12]). An unconditional
frame (xi, fi) of an operator space X (see Remark 2.5) is completely unconditional if
sup
E⊂N,#E<∞
‖SE‖cb <∞, (3.7)
where SE is the natural partial sum map defined by SE(x) =
∑
i∈E fi(x)xi.
The following result is the unconditional version of Theorem 3.2, which is also the
operator space version of Theorem 3.6 in [2]
Theorem 3.5. An operator space X has a completely unconditional cb-frame if and
only if X is completely isomorphic to a completely complemented subspace of an
operator space with a completely 1-unconditional cb-basis.
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Proof. Because the whole proof is similar to that of Theorem 3.2, we only give out the
construction of the matrix norm. Without loss of generality, we assume that (xi, fi)
is a completely unconditional cb-frame of X with ‖xi‖ = 1 for all i ∈ N. Let (ei) be
the unit vector basis of c00. For any u ∈Mn(c00), there is a unique linear expression
u =
∑
ui ⊗ ei where ui ∈Mn we can define
|‖u|‖n = |‖
∑
ui ⊗ ei|‖n = max
E⊂N,#E<∞
∥∥∑
i∈E
ui ⊗ xi
∥∥
n
.
It is easy to verify that |‖ · |‖n is a norm on Mn(c00) for each n ∈ N, which satisfy
(U1) |‖u⊗ ei|‖n = ‖u⊗ xi‖n = ‖u‖n‖xi‖ for all u ∈Mn and i ∈ N,
(U2) For any ui ∈Mn and E ⊂ N with #E <∞, we have
|‖
∑
i∈E
ui ⊗ ei|‖n ≤ |‖
∑
ui ⊗ ei|‖n,
(U3) For any x ∈ X , (∑ni=1 fi(x)ei)∞n=1 is a Cauchy sequence in (c00, |‖ · |‖1).
Then the rest of proof is similar to that given for Theorem 3.2. 
4. Subspaces of operator spaces with a cb-basis
The Banach-Mazur theorem shows that every separable Banach space can be iso-
metrically embedded into C[0, 1]. Therefore, every separable Banach space can be
isometrically embedded into a Banach space with a Schauder basis. However, the
corresponding result is not true for operator spaces. We show in Theorem 4.5 that
the Hilbertian operator space X0 constructed by Oikhberg and Ricard [13] can not
be completely isomorphic to any subspace of an operator space with a cb-basis (or
with a cb-frame).
Let us first develop some notations and preliminary results. Most of these are
motivated from Banach space theory. Let X be an operator space. A sequence
(xi) ⊂ X is called a cb-basic sequence in X if (xi) is a cb-basis of span(xi), the norm
closure of span(xi) in X . Thus, any cb-basis is a cb-basic sequence. Fix a sequence
(xi) ⊂ X , then a sequence (yi) ⊂ X is said to be a block sequence of (xi) if there exists
a sequence of positive integers m1 < m2 < m3 < · · · such that yn ∈ span(xi)mn+1−1i=mn
for all n ∈ N.
Proposition 4.1. Let X be an operator space. Then a sequence (ej) in X is a cb-
basic sequence if and only if there is a constant K ≥ 1 such that for any ui ∈ Mn
and m ≤ l, we have
‖
m∑
j=1
uj ⊗ ej‖n ≤ K‖
l∑
j=1
uj ⊗ ej‖n. (4.1)
As a consequence, any block sequence of a cb-basic sequence is a cb-basic sequence.
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Proof. The necessity is clear. For sufficiency, we only need to prove that (ej) is a
cb-basis of span(ej). By [5, Proposition 6.13], (ej) is a basis of span(ej). For any
m,n ∈ N and (ui) ⊂Mn with finitely many ui 6= 0, it follows from (4.1) that
‖(Pm)n(
∑
j
uj ⊗ ej)‖n = ‖
m∑
j=1
uj ⊗ ej‖n ≤ K‖
∑
j
uj ⊗ ej‖n.
This shows that supm ‖Pm‖cb ≤ K, and thus, (ej) is a cb-basic sequence in X . 
Proposition 4.2. Let X be an operator space with a cb-basis (xi). If Y is an infinite-
dimensional closed subspace of X, then Y contains a cb-basic sequence.
Proof. Let K be the cb-basic constant of (xi). Given p ∈ N, let Wp be the finite-
codimensional subspace of X defined by
Wp =
{
x ∈ X : x =
∞∑
i=p+1
aixi
}
= span(xi)i>p.
Then Wp ∩ Y 6= ∅, so there is y ∈ Y ∩Wp with ‖y‖ = 1. First, choose an arbitrary
y1 ∈
∑∞
i=1 a
1
ixi ∈ Y with ‖y1‖ = 1. Find p1 ∈ N such that for u1 =
∑p1
i=1 a
1
ixi ∈ X
we have ‖y1 − u1‖ < 14K . Choose y2 =
∑∞
i=p1+1
a2ixi ∈ Y ∩Wp1 with ‖y2‖ = 1, and
fix p2 ∈ N such that for u2 =
∑p2
i=p1+1
a2ixi we have ‖y2 − u2‖ ≤ 12·22K . Using an
induction procedure we obtain a block cb-basic sequence (uj) of (xi). Let (u
∗
j) be the
biorthogonal functionals of (uj). Since
∞∑
j=1
‖u∗j‖ · ‖yj − uj‖ <
∞∑
j=1
2K · 1
2 · 2jK < 1,
by Lemma 2.13.2 in [15], there is a complete isomorphism R : X → X such that
R(uj) = yj for j ∈ N. Then for any vj ∈Mn and m ≤ l,
∥∥
m∑
j=1
vj ⊗ yj
∥∥
n
≤ ‖R‖cb
∥∥
m∑
j=1
vj ⊗ uj
∥∥
n
≤ K‖R‖cb
∥∥
l∑
j=1
vj ⊗ uj
∥∥
n
≤ K‖R‖cb‖R−1‖cb
∥∥
l∑
j=1
vj ⊗ yj
∥∥
n
.
Thus by Proposition 4.1, (yj) ⊂ Y is a cb-basic sequence. 
Proposition 4.3. Let X be a separable operator space. Then following are equivalent:
(i) X is completely isomorphic to a subspace of an operator space with a cb-basis;
(ii) X is completely isomorphic to a subspace of an operator space with a cb-frame
(iii) X is completely isomorphic to a subspace of a (not necessarily separable)
operator space with the CBAP.
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Proof. It is obvious that (i)⇒(ii) and (i) ⇒ (iii).
(ii) ⇒ (i) Suppose that X is completely isomorphic to a subspace of an operator
space Y with a cb-frame. By Theorem 3.2, Y is completely isomorphic to a completely
complemented subspace of an operator space Z with a cb-basis. Then we can conclude
from the following completely isomorphic embeddings
X →֒ Y →֒ Z.
that X is completely isomorphic to a subspace of Z with a cb-basis.
(iii) ⇒ (i) If the operator space with the CBAP is separable, then it has a cb-
frame by Theorem 3.1 and thus we can get the result by (i) ⇔ (ii). If the operator
space with the CBAP is non-separable, we can obtain the result by the following
lemma. 
Lemma 4.4. If X is an operator space with the λ-CBAP, then, for every separable
subspace Y of X, there is a separable subspace Y˜ of X which contains Y and has the
λ-CBAP.
Proof. Let Y be a separable subspace of X . There is a sequence (yn) which is dense
in Y . For each n ∈ N, put Yn = span{yk}nk=1. Then {Yn} is an increasing sequence of
finite-dimensional subspaces of Y whose union is dense in Y . Since BY1 is compact,
there is a finite-rank map F1 on X with ‖F1‖cb ≤ λ and ‖F1(y) − y‖ < 1 for all
y ∈ BY1 . Let Y˜2 = spanY2 ∪ F1(X). Then there is a finite-rank map F2 on X with
‖F2‖cb ≤ λ and ‖F2(y)− y‖ < 1/2 for all y ∈ BY˜2 . Set Y˜3 = span Y3∪F1(X)∪F2(X).
Then there is a finite-rank map F3 on X with ‖F3‖cb ≤ λ and ‖F3(y) − y‖ < 1/3
for all y ∈ BY˜3 . Applying the procedure to Y˜3 and F3 gives Y˜4 and F4 and so on by
induction. Let
Y˜n = span(Yn ∪ ∪n−1k=1Fk(X)).
Then there is a finite-rank map Fn on X with
‖Fn‖cb ≤ λ, ‖Fn(y)− y‖ < 1
n
, ∀ y ∈ BY˜n .
So {Y˜n} is an increasing sequence of finite-dimensional subspaces of X , and define
Y˜ to be the closure of ∪∞n=2Y˜n, which is a separable subspace of X with Y ⊆ Y˜ and
Fn(Y˜ ) ⊆ Y˜ for all n ∈ N. It is easy to prove that limn→∞ Fn(y) = y for all y ∈ Y˜ .
Then Y˜ has the λ-CBAP. 
Now we are ready to prove our main result in this section. In [13], Oikhberg and
Ricard constructed a separable Hilbertian operator space X0, which is isometrically
isomorphic to ℓ2(N), but every infinite-dimensional closed subspace ofX0 fails to have
the operator space approximation property (OAP).
Theorem 4.5. The Oikhberg-Ricard space X0 can not be completely isomorphic to
any subspace of an operator space with a cb-basis (or with a cb-frame).
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Proof. Suppose that X0 is completely isomorphic to an (infinite-dimensional) sub-
space Y of an operator space Z with a cb-basis (or with a cb-frame). It is known
from Proposition 4.2 and Proposition 4.3 that Y must have a cb-basic sequence. It
follows that X0 has a cb-basic sequence (ej). Then span(ej) is an infinite-dimensional
closed subspace of X0 having the CBAP. This contradicts to Oikhberg-Ricard’s result
since CBAP implies OAP (see [4]). 
Remark 4.6. Finally we note that every 1-exact separable operator space is com-
pletely isomorphic to a subspace of an operator space with a cb-basis. To see this
let us recall from [3] that if X is a 1-exact separable operator space, then it is com-
pletely isometric to a subspace of a 1-nuclear separable operator space Y . Then by
Propoosition 4.3, X is completely isomorphic to a subspace of an operator space with
a cb-basis.
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